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Lecture overview
• Excitation input

• Quarter car model

• Ride response
• Active suspension

• Human perception



The Ride System

• The Ride System
• Excitation
• Response
• Vibration
• Perception

• Analyses in time or 
frequency domains
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Section 3 :  Ride Dynamics 
 

These notes are an extremely condensed and reduced version of Chapter 5 from Thomas D. 
Gillespie’s ‘Fundamentals of Vehicle Dynamics’.  It is well worth reading this chapter (and 
others) from the book – although you have to get used to American rather than SI units !  All 
the figures in this section come from the book. 
 
The Ride System 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This figure illustrates one of the most basic concepts in modelling and simulation, yet one 
which can still cause confusion.  The Excitation Sources are the inputs to the system.  These 
might be illustrated in the time domain, but are more often shown in the frequency domain (eg 
as a Power Spectral Density, PSD plot).  The system (or model) then reacts to these inputs, 
‘converting them’ into Perceived Ride in this case – which might itself be shown in terms of a 
measurable output, such as vehicle body vertical acceleration.  Figure 5.17, later, shows an 
example of input PSD, system model (frequency response), and output PSD. 
 
Excitation : Road Roughness 
 
The principal excitation source, obviously, is the road.  Fig 5.2 shows a PSD of three measured 
roads along with average frequency models for them.  The frequency model is : 
 

� � � � � �2 21 / / 2Z O OG GX X X SXª º �¬ ¼  

where : 
� �ZG X  = PSD amplitude (feet2/cycle/foot) 

X  = Wavenumber (cycles/foot) 
OG  = Roughness magnitude parameter (1.25x105 for rough roads, 1.25x106 for smooth) 

OX  = Cutoff wavenumber (0.02 cycles/foot for rough roads, 0.05 cycles/foot for smooth) 
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The simple model can be used, along with a random number sequence, to generate test roads 
which are random in themselves, but yet have approximately representative frequency content.  
Multiplication of the original ‘wavenumber’ (cycles per foot) by a known (and assumed 
constant) vehicle speed (feet per second) gives a more recognisable PSD : 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• The road surface is 
the most significant 
excitation source.



Excitation: Road Roughness

• A model for generating excitation input
• Generator source: random sequence
• Described using;

where;
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[1]



Excitation: Road Roughness

• Simulated roads can be 
created using [1] or a 
random number 
sequence (coloured
noise)
• Multiplying 

cycles/distance (cyc/ft, 
cyc/m) by vehicle 
speed gives frequency -
> from which PSD can 
be plotted.
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The simple model can be used, along with a random number sequence, to generate test roads 
which are random in themselves, but yet have approximately representative frequency content.  
Multiplication of the original ‘wavenumber’ (cycles per foot) by a known (and assumed 
constant) vehicle speed (feet per second) gives a more recognisable PSD : 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Frequency [cyc/s] = wave number [cyc/m] x speed [m/s]



Excitation: Secondary Effects

• Secondary effects include vibration
• Driveline
• Engine
• Wheel/tyre

• Typically, at higher frequency than 
primary excitation sources
• Runout occurs due to deformation of the 

tyre. Imperfections result in different 
harmonics i.e., mode shapes
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Excitation : Secondary effects 
 
Vibration from ‘imperfection’ of the wheel or driveline, and from the engine, cause further 
excitations, usually at frequencies higher than the principal wheel-hop and body-bounce modes 
that we are most interested in.  Note this figure illustrating wheel runout; although the tyre is 
‘complex’, the model is just a collection of simple springs – we’ll see this is quite common in 
basic vehicle dynamic modelling. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
‘Runout’ refers to the ‘springs’ expanding and contracting – any unevenness causes an effect 
similar to wheel mass imbalance, giving a cyclical input at the frequency of the wheel rotation 
speed.  Harmonics of the ‘multiple spring’ model can also cause cyclical disturbance – did you 
know tyres are sometimes square ? 
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‘Runout’ due to tyre deformation



The Quarter Car Model
• The simplest ‘useful’ representation of vertical ride dynamics 

• More simple representations (for quick calcs) is possible considering 
different modes in isolation.
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The simplest Ride model : The Quarter Car 
 
Although simple, the quarter car model is adequate, and can be an accurate representation of 
real vehicle vertical motion (depending on correct setting of the parameters).  This is the first 
model that we will build and analyse on this course. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Typical values of parameters – large saloon : 
 

M = 300kg 
m = 30kg 
Ks = 20000 N/m 
Kt = 160000 N/m 
Cs = 1500 Ns/m  (also written as Bs below) 

 
In order to perform some quick hand calculations on the expected frequencies and damping 
ratios that given parameter choices will provide, we can also think of the quarter car model in 
terms of modal (not model !) simplications.  To consider body-bounce, or wheel-hop alone : 
 

 

zb(t) 
 Ks 

 
 

Bs 

 M   

resting level 
(equilibrium) 

zw(t) 

 Ks 

 
 

B  

 m resting level 
(equilibrium) 

Modal simplifications of the quarter car : 
(a) body-bounce only     (b) wheel-hop only 
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The Quarter Car Model: Body bounce
• Considering body bounce (springs acting in series);

𝐾!! =
"!""
"!#""

• The natural frequency, 𝜔$;

𝜔$ =
𝐾!!
𝑀

• The actual response is damped by the damping ratio, 𝜁 (typically 0.2 – 0.4)

𝜔% = 𝜔$ 1 − 𝜁 with  𝜁 = &!
'"##(



The Quarter Car Model: Wheel hop

• For wheel hop;
𝐾!" = 𝐾# + 𝐾$

• So that the natural frequency, 𝜔%

𝜔% =
𝐾!"
𝑚



Ride Response
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Ride response 
 
Fig 5.17 illustrates, from left to right, input, model and output.  The input and output here are 
the PSDs of road acceleration and vehicle acceleration respectively.  (Note that it is possible to 
look at responses between different input/output combinations, provided the model is suitably 
written – eg in state space.)  The model shows the gain function (frequency response, or ‘bode 
plot’ gain) between the two.  Note how the road accel essentially looks similar to that given in 
Fig 5.3, with high magnitudes at high frequencies.  These high frequencies are not transmitted 
through the suspension, whose principal job is to isolate the vehicle body from harsh inputs.  In 
the model plot you can see the obvious body bounce resonance, around 1Hz, and the kink 
around 10Hz showing the wheel hop resonance (we will see later, when looking at 
eigenstructure, that both modes of vibration affect both masses, at least to some extent).  The 
output PSD shows how well the system has attenuated the high frequencies, whilst magnifying 
the response around 1Hz.  You can look at the plots as ‘input x model = output’, although you 
should bear in mind that, because we are viewing PSDs of input and output, which give their 
signal squared, the true ‘maths’ is ‘input PSD x (|model|)2 = output PSD’. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Suspension stiffness and damping 
 
The magnitude of the body bounce peak is affected by what Gillespie refers to as the ‘ride rate’, 
Kbb above.  Because Ks and Kt act in series, and Kt is so much stiffer than Ks, Kbb is dominated 
by Ks.  In Fig 5.18 below, Ks has been tuned to give a body bounce resonance frequency 
varying from 1Hz to 2Hz (without varying damping factor).  This shows that as you increase 
the resonance frequency for body bounce, so the transmission of acceleration from the road to 
the vehicle will increase in magnitude – by a large factor.  The y axis here is on a linear scale, 
so you can look at the area under the peak as a measure of the mean-square acceleration 
transmitted from road to vehicle.  Obviously, the aim is to achieve good isolation, and reduce 
transmission, so lower Ks, and hence lower resonance frequencies are aimed for.   
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Input: from road

Modelled system
Output: suspension response

Body bounce

Wheel hop

High frequency
attenuation



Ride Response

• 𝜔% of the sprung mass can be 
changed by changing stiffness, 
𝐾&&.
• 𝐾# and 𝐾$ act in series. 𝐾$ is 

significantly stiffer and 
therefore the response is 
dominated by 𝐾#.
• Limited by;
• Suspension travel
• Handling performance
• Nausea
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The factors which prevent excessively low Ks and hence lower ride rates are : 

1) suspension travel – low spring rates necessitate greater suspension travel 
2) handling performance is affected by fluctuating vertical load on the tyre 
3) very low frequencies (well below 1Hz) would induce nausea – essentially the same as 

seasickness – and worsen travel sickness.  In terms of practicality however, factors 1 
and 2 restrict the frequency more than this factor. 

 
Fig 5.18 isn’t totally ‘honest’ however, as the damping in the suspension can always be 
increased, along with the suspension spring rate, to counter the high body bounce peak.  The 
introduction of damping isn’t a ‘simple’ solution though, because it reduces isolation at higher 
frequencies.  Increases in damping essentially spread the range of frequencies through which 
vibrations are transmitted, whilst reducing the peak at a given (in this case body bounce) 
resonance : 
 
 
 
 

Changes to 𝐾$ to change 𝜔% of the sprung mass. 

Note lower 
amplitude as 
𝜔%is tuned down 
through 𝐾$



Ride Response

• By changing damping also, the 
peak body response can be 
reduced.
• There are other consequences 

though for the higher frequencies 
whose transmission to the body 
becomes greater.
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Effectively ‘tied’ together
body and wheel.



Active Suspension
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Fig 5.19 shows the effect of increasing Cs to give damping ratio (]) in the range 0.1 to 2.  Note 
how at the extreme (200% damping) level, the ‘stiff’ damper has effectively tied the body and 
wheel together, combining body bounce and wheel hop into one resonance at about 3.5Hz.  
This would be highly undesirable, due to its affect on our own body ‘system’.  1Hz and 10Hz 
feels a lot better than 4Hz vertically – see later. 
 
 
Active suspension 
 
A little ‘aside’ – although it is expensive to fit and run (in terms of fuel) controllable force 
generators (such as hydraulics, hydro-pneumatics).  They can, at least in theory, provide 
exceptional reductions in body bounce vibration transmission.  Note that, interestingly, it is less 
easy to control the wheel hop peak. 
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Less easy to manage wheel hop
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Bounce and Pitch

• Quarter car model – good for body 
bounce analysis
• Half car model required for pitch 

and bounce analysis
• What you feel depends on where 

you are (centre vs one end or the 
other)
• Principle problem with pitch is the 

fore-aft motion it causes – nausea!
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Bounce and pitch in combination 
 
The quarter car model is good for investigating ‘bounce only’ motion of the vehicle, but more 
complex models are needed to give a more complete insight into why suspensions are designed 
the way they are.  The natural progression is to include pitch motion, using the ‘half car’ 
model.  Note that, although the analysis and discussion of this system gets more complicated – 
with front and rear suspensions being tuned to complement each other to give both desirable 
pitch and bounce – the model is not much more complicated.  Fig 5.32 shows that we need 
only a rigid beam suspended on two springs to get a useful simulation model.  The equations 
for this type of system have, once again, been derived in part B dynamics. 
 
 
 
 
 
 
 
 
 
 
 
 
 
I won’t get into the details of how the pitch and bounce modes behave, and how the ride rates 
of front and rear can be tuned here.  Gillespie does an admirable job within a few pages in his 
book.  It is worth noting a few basic issues though : 
 
(a) ‘Wheelbase filtering’ 
  
 



Bounce and Pitch: Wheelbase Filtering

• Spacing of the front and rear 
suspensions can couple with road 
‘wavelength’.
• Very few roads are sinusoidal!



Bounce and Pitch: Ride Rates

• By making front ride rate lower it is possible to reduce the discomfort 
of pitching.
• As you hit a bump this induces pitch but resolves to bounce as the 

rear end ‘catches up’ with the front.



Human Perception

• We are interested in human 
perception
• Much like the vehicle the 

human body responds to 
different ’excitation’ 
frequencies in different ways.
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Human perception 
 
We have looked at the PSD of ride (vertical) accelerations, and the models of suspensions 
which give rise to these, across frequency.  In order to complete the picture about how vehicles 
should be designed however, we also need to consider the dynamics of the human body.  
Vibrations start at the road, or in the vehicle, and travel through the system of the vehicle (eg 
tyres, suspension) to the passenger compartment.  From this point, the vibrations travel through 
the seat and passengers body before they are actually registered by the brain as uncomfortable.  
Thus we should consider the system of the body too. 
 
One way of doing this is to subject people to vibration in an experiment, and then get them to 
rate how uncomfortable each vibration is.  In practice, this is done by testing one frequency at a 
time, and building up a map of discomfort.  The three plots below show lines of equal tolerance 
to various frequencies (x axis) applied at different amplitudes (y axis).  The first two relate to 
vertical (ride) motion, and the last one relates to fore-aft motion (pitch, and also shuffle – see 
longitudinal (driveline) dynamics later in this course). 
 
 
 
 

 
 
 
 
 
 
 

Ride discomfort (lines of equal tolerance) - vertical



Human Perception

• Fore-aft 
vibration lines of 
‘equal comfort’
• Fore-aft 

tolerance no the 
same as vertical 
tolerance.

Ride discomfort (lines of equal tolerance) – fore-aft



Conclusions

• Excitation input

• Quarter car model

• Ride response
• Active suspension

• Human perception


